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Abstract

This contribution provides a systematic investigation and performance com-
parison of di�erent modes of operation for piezoelectric inertia drives. The
movement of these motors is classically assumed to consist of steps involving
stiction and sliding, resulting in the term �stick-slip drives�. In the �rst part
of this contribution it has been found that using ideal driving signals, �slip-
slip� operation without phases of stiction allows very high velocities, while the
maximum velocity is limited principally in stick-slip operation. In this part
it is shown that slip-slip operation is also suitable for use with real actuators,
driven with frequency-limited versions of the ideal signals presented in part I.
The motional performance of the motor as well as its wear and the required
electric power are investigated for operation with di�erent signals. It is found
that for high velocity inertia motors it is recommendable to use actuators with
large stroke and to drive them with a signal consisting of two harmonics at a
high fundamental frequency, a result that is supported by similar setups imple-
mented experimentally by other authors. Using Lanczos' σ factors to calculate
the frequency-limited excitation signals instead of standard Fourier series addi-
tionally increases the motor performance signi�cantly. The results help motor
designers to choose the appropriate mode of operation and to optimise the motor
parameters for their individual applications.
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1. Introduction

Piezoelectric inertia motors, also known as �stick-slip drives�, use the inertia
of a body to drive it by means of a friction contact in small steps. The fact that
these motors can also successfully operate without phases of static friction in
�slip-slip� mode, demonstrated for example by motors operating in both stick-
slip and slip-slip mode [1, 2, 3], has been gaining wider recognition since only a
few years. Together with its �rst part, this contribution provides a systematic
investigation of the di�erent modes of operation of inertia motors and of the
motor performance achievable in these modes.

In the �rst part of this contribution [4], di�erent modes for the operation of
inertia motors and the maximum motor performance achievable in these modes
under ideal conditions have been investigated systematically. Prerequisites and
results are brie�y summarised in sections 2 and 3. In this part, frequency-
limited excitation signals that are realisable with real actuators are derived from
the ideal signals and the motor performance with these signals is investigated,
considering the in�uence of actuator stroke and bandwidth.

As they are derived assuming an ideal actuator with unlimited velocity and
acceleration, the performance of the motor with the ideal signals from [4] de-
�nes an upper boundary for the performance of real motors. In section 4,
frequency-limited excitation signals suitable for real actuators with limited dy-
namics are derived from the ideal signals. In section 5, the use of inertia motors
for force generation, which is not in the focus of this article, is brie�y dis-
cussed. Additional to the motional performance indicators introduced in [4],
section 6 de�nes performance indicators describing the velocity to input power
ratio and the durability of the motor. The performance of motors driven with
di�erent frequency-limited signals is analysed in section 7. Section 8 investi-
gates the in�uence of the actuator stroke and the actuator bandwidth on the
motor performance. The conclusions presented in section 9 clearly show that
this investigation of appropriate excitation signals for high velocity motors is
helpful during the design of inertia motors for real applications.

2. Model

Figure 1(a) shows a schematic view of the investigated type of motor: A
rigidly mounted � usually piezoelectric � actuator has a rod attached to its
tip. A slider hangs below the driving rod. It is pressed against the rod by an
additional contact force, usually resulting from elastic deformation or magnetic
attraction.

In the �rst part of this contribution, a one degree of freedom model descri-
bing such a translational inertia motor, shown in �gure 1(b), was introduced:
A slider of mass ms hangs below the driving rod. xR(t) and xS(t) are the dis-
placements of rod and slider, respectively, Fc is the contact force between rod
and slider. The friction force Ff (t) acting between rod and slider is modelled
using a Coulomb friction model with constant coe�cients of static and dynamic

2



(a) (b)

Figure 1: (a) Schematic view of a simple �xed-actuator type inertia motor and (b) rigid body
model of such a motor

friction µ0 and µd. The displacement of the rod is regarded as the system input,
limited by the actuator stroke:

0 ≤ xR(t) ≤ xR,max (1)

In this model rod and slider are regarded as rigid bodies. This assumption is
valid as long as the highest excitation frequency is much smaller than the �rst
eigenfrequency of rod or slider, whichever is lower. Also, the rod is assumed to
be excited purely axially and rotational e�ects of all forces are neglected. Only
operation with slider movement in positive direction of xS is treated in both
parts of this contribution. Movement in negative direction of xS can be treated
analogously.

The investigations in both parts of this contribution are of general validity.
For di�erent diagrams and for the sample results, parameters derived from a
test motor operated in the authors' lab are used. The actuator has a stroke of
xR,max = 25µm, the slider mass is mS = 1.4 g and the additional contact force
is FM = 1 N. More details of model and motor can be found in [4].

3. Ideal excitation signals

In the �rst part of this contribution [4], four types of drive signals xR(t)
that maximise the steady state velocity of the slider under di�erent require-
ments have been described which result in di�erent modes of operation of the
motor. The di�erences between the four identi�ed modes are whether the slider
is accelerated by stiction or sliding friction and whether it is making discrete
steps or continuously moving. The maximum velocity reachable in stick-slip
operation and/or with discrete steps is limited principally, while continuous
slip-slip operation allows very high velocities.

All ideal excitation signals derived in [4] contain a phase during which the
driving rod is accelerated with a constant acceleration aR = ẍR(t) = κa+0 ,
where a+0 is the break-away acceleration above which the slider starts to slide.
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In modes with discrete steps, this is followed by a phase with ẍR(t) = 0. κ is
an important parameter in the following investigations.

4. Frequency-limited excitation signals

In the �rst part of this contribution [4], an in�nitely dynamic ideal actuator
was assumed which is able to perfectly reproduce the ideal excitation signals.
But real actuators show limited dynamics and let only signal components be-
low a certain frequency pass approximately unaltered while higher frequency
components are modi�ed in both amplitude and phase. It is therefore advan-
tageous to reduce the maximum frequency present in the voltage signal before
it is fed into the actuator. This also reduces the requirements for the ampli�er
driving the actuator and simpli�es a possible compensation of the actuator dyn-
amics [5] because fewer frequency components have to be considered. Therefore
frequency-limited signals for driving inertia motors are derived in the following,
based on the ideal signals presented in the �rst part of this contribution.

Every periodic signal can be described as a Fourier series. Ending the Fourier
series after a �nite number of elements produces a frequency-limited signal which
is the least-squares approximation of the original signal [6, pp. 473-474].

The classic general representation of a Fourier series of a signal with period
2π is

f(x) =
a0
2

+

∞∑
k=1

ak cos(kx) + bk sin(kx) (2)

where the Fourier coe�cients are de�ned as

ak =
1

π

ˆ 2π

0

f(x) cos(kx) dx, (3)

bk =
1

π

ˆ 2π

0

f(x) sin(kx) dx. (4)

Another form is the spectral or harmonic representation

f(x) =
a0
2

+

∞∑
k=1

dk sin(kx+ ϕk) (5)

with

dk =
√
a2k + b2k, (6)

tanϕk =
ak
bk
. (7)

The general form of a real displacement signal xR(t) for inertia motors with
a fundamental frequency ω0 can thus be written as a function of time t as

xR(t) =
a0
2

+

n∑
k=1

dk sin(kω0t+ ϕk) (8)
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where n is the length of the Fourier series, d =
(
d1 d2 . . . dn

)
is the vector

of Fourier coe�cients describing the amplitudes, and ϕ =
(
ϕ1 ϕ2 . . . ϕn

)
is the vector describing the phase of the individual frequency components. For
velocity ẋR(t) and acceleration ẍR(t) follows

ẋR(t) = ω0

n∑
k=1

dkk cos(kω0t+ ϕk), (9)

ẍR(t) = −ω2
0

n∑
k=1

dkk
2 sin(kω0t+ ϕk). (10)

All ideal displacement signals derived in [4] are periodic. Their shape is
similar and generally de�ned by

xR(t) =

{
aR
2 t

2 0 ≤ t ≤ t1
0 t1 < t < T

(11)

where the signal period is T = 2π/ω0, and T can equal t1 as in the continuous
modes without discrete steps. For such functions, (3) and (4) give the following
formulas for the Fourier coe�cients, with k ∈ N+:

a0 =
aRt

3
1

3T
(12)

ak =
aR
2π

[
Tt1
πk2

cos

(
2πk

t1
T

)
+

(
t21
k
− T 2

2π2k3

)
sin

(
2πk

t1
T

)]
(13)

bk =
aR
2π

[
Tt1
πk2

sin

(
2πk

t1
T

)
−
(
t21
k
− T 2

2π2k3

)
cos

(
2πk

t1
T

)
− T 2

2π2k3

]
(14)

Figure 2 exemplarily shows ideal signals for xR(t), ẋR(t) and ẍR(t) and their
approximation by Fourier series with n = 2 and n = 15. While the displacement
signal is approximated well already with relatively low n, larger oscillations are
present in the frequency-limited velocity and acceleration signals due to the
short phases where the ideal signals are in�nite.

One detail to be noted, visualised in the right half of the acceleration plots in
�gure 2, is that the rod acceleration ẍR(t) is almost always outside the interval[
a−0 , a

+
0

]
of the break-away accelerations due to the oscillations present in the

signal. This means that there are no phases of stiction with signi�cant length.
The only exception are signals calculated with low n for a very low aR or for
discrete modes. In these cases signi�cant phases where stiction could take place
exist, one example can be seen for n = 2 in �gure 2(a).

Another fact to be noted is that the frequency-limited signals for xR(t)
show over- and undershoots that leave the allowed range of 0 ≤ xR(t) ≤ xR,max,
thereby violating condition (1). This e�ect, known as the Gibbs phenomenon [7],
[8, pp. 532-534], results from the discontinuity present in the ideal signal. The
maximum value of the over-/undershoot, reached for n→∞, is 0.0895 · xR,max

and independent of the signal shape during the rest of the period. On the other
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Figure 2: Ideal rod displacement, velocity and acceleration signals and their approximation
with Fourier series of orders 2 and 15 for (a) discrete and (b) continuous operation (all for
κ = 1). The two halves of the acceleration plots have di�erent scales in order to visualise
both the complete signals and their relation to the characteristic accelerations a+0 and a−0
(±124 m s−2 for the example parameters).
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hand, only signals with relatively high n reach values above xR,max, while signals
with low n remain far from this maximum allowed value.

Lanczos' σ factors [8, pp. 534-538], originally developed to reduce the Gibbs
phenomenon, can be used to reduce the undesired vibrations in the investigated
driving signals: The Fourier coe�cients are multiplied with the factors1

σk(n) =
sin (kπ/(n+ 1))

kπ/(n+ 1)
(15)

and the modi�ed coe�cients σk(n) · dk are used to calculate the frequency-
limited signal. Figure 3 shows the e�ect of σ factors on the amplitudes of
the harmonics contained in the excitation signal: With Lanczos' σ factors, the
amplitudes quickly decrease to reach 0 for harmonic n+1 (cp. (15)), while they
decrease slower and approach 0 only asymptotically without σ factors.
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with Lanczos’ σ factors, n = 3

Figure 3: Normalised amplitudes dk, respectively σk(n) · dk, of the harmonics contained in a
signal for continuous operation as shown in �gure 4 without and with Lanczos' σ factors for
di�erent n. The lines are for visual guidance only.

The σ factors have the side e�ect of reducing the total signal amplitude.
To make maximum use of the allowed range for the actuator stroke without
exceeding it, the excitation amplitude is scaled so that the real actuator stroke
x̂R = max(xR(t)) − min(xR(t)) equals the allowed actuator stroke xR,max. In
some of the following formulas the normalised amplitude vector d∗ = d/x̂R is
used.

For all simulations described below, the excitation signal is additionally shif-
ted so that xR(t) has a minimum of xR(t = 0) = 0 in order to avoid a discon-
tinuity of xR(t) when the excitation starts from rest (xR(t < 0) = 0). Figure 4
shows examples of frequency-limited approximations of two ideal excitation sig-
nals with di�erent values of n.

Figure 4 shows that the use of Lanczos' σ factors signi�cantly reduces the
undesired vibrations in the excitation signal. But even with reduced amplitude,

1The original de�nition given in [8] is σk(n) = sin(kπ/n)/ (kπ/n), yielding σn(n) = 0.
With this formula, the obtained signal would only contain n−1 harmonics. With the modi�ed
formula, it contains n harmonics as desired.
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Figure 4: Rod displacement, velocity and acceleration for continuous operation (κ = 1) for
n = 2 (left) and n = 5 (right)

these oscillations prevent the stick-slip motion with one phase of stiction per
period found in the ideal modes of operation. The discrete stepping is the
only real advantage of discrete over continuous operation, cp. [4]. The lower
start-up time, which could be seen as a second advantage, directly results from
the discreteness of the steps and comes at the cost of a much lower steady
state velocity. The length of the phases with xR(t) = 0 in the ideal discrete
modes has been calculated (in [4]) to allow the slider to come to rest. With
the real excitation signals, such discrete steps are hard to achieve because, due
to the oscillations in the signal, the rod is never at rest, with low n not even
approximately. Therefore it makes little sense to use the signals for ideal discrete
operation as the basis for frequency-limited excitation signals.

This discussion shows that if stick-slip operation or discrete steps are desired,
other excitation signals with much lower fundamental frequency are necessary,
leading to low motor velocities. Because this contribution aims for high motor
velocites, only signals derived from the ideal signals for continuous slip-slip
operation are discussed in the following.

5. Force Generation with Inertia Motors

The producible force of an inertia motor can be de�ned and measured
di�erently. Some authors let the slider move against some kind of spring
[9, 10, 11, 12] and measure either the deformation of the spring or the spring
force using a load cell connected to the other side of the spring. But it is has
so far not been investigated whether the sti�ness of the spring in�uences the
result and if it makes a di�erence if spring and slider are rigidly connected or
not, allowing collisions between the two parts. Other authors make their motor

8



lift weights in order to determine the producible force [13]. A third option often
used for other types of piezoelectric motors [14, 15, 16] is to determine the force
from the transient motor behaviour using Newton's second law. To the authors'
knowledge, there has not yet been any theoretical or experimental comparison
of the di�erent methods to determine the force generated by an inertia motor.

Controlled force generation with inertia motors has only recently been in-
vestigated in more detail [9, 17, 18]. These works have shown that in the in-
vestigated motor the generated force � determined using the spring method �
depends on a number of parameters such as slider mass, friction contact, pre-
load, and excitation signal. Due to the complexity of this topic and the space
a thorough investigation of force generation would require, the producible force
is not investigated in this contribution and left for a future publication.

6. Performance indicators

6.1. Motional performance indicators

In the �rst part of this contribution [4], three indicators for the motor per-
formance have been de�ned, all related to the slider movement:

• v̄p is the mean slider velocity in the p-th period of the excitation signal
and the steady state velocity v̄∞ is de�ned as v̄∞ = limp→∞ v̄p.

• T · p0.99, called the start-up time, describes the time after which v̄p ≥
0.99 v̄∞.

• The smoothness indicator ςp describes the inverse of the relative spread
between minimum and maximum slider velocity in period p:

ςp =
|v̄p|

maxp (ẋS(t))−minp (ẋS(t))
(16)

The steady state smoothness indicator is ς∞ = limp→∞ ς̄p.

In a real motor, other criteria are also important, such as the power required
to achieve this movement, and the lifetime of the motor. Indicators for this are
derived on the following pages.

6.2. Durability indicator and friction losses

As long as they are driven within their speci�ed operational limits, piezoelec-
tric actuators can be designed to produce a very large number of cycles without
signi�cant degradation. [19] Thus the mechanical components are an important
factor determining the lifetime of piezoelectric inertia motors. One major cause
of degradation is wear in the friction contact.

According to Rabinowicz [20, p. 132-133], adhesive wear is the most common
and least preventable form of wear especially in metallic contacts. For given
material and surface conditions, the volume worn away by adhesive wear is
approximately proportional to the load and to the distance slid [20, p. 156].
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The material volume Vp worn away in the inertia motor in period p can thus be
calculated as

Vp = w

ˆ p·T

(p−1)·T
Fc |ẋR(t)− ẋS(t)|d t (17)

where w is a factor determined by the materials in contact and the surface
conditions.

A suitable indicator for the durability of a motor is the positioning distance
achieved per unit of worn volume. This value is multiplied by w to obtain the
indicator δp for the durability of a motor which is independent of material and
surface conditions:

δp =
x̄p
Vp
w =

v̄pT

Vp
w. (18)

The energy dissipated in the friction contact in a period p is described by

Wf,p =

ˆ p·T

(p−1)·T
Fcµd |ẋR(t)− ẋS(t)|d t. (19)

Equations (17) and (19) show that Wf,p/µd = Vp/w, which means that in
any given setup with �xed µd and w, Wf,p ∝ Vp and thus the velocity to friction
power ratio v̄p/(Wf,p/T ) is directly proportional to the durability indicator δp.
This is the case for the setups investigated in this contribution. Thus only the
steady state durability indicator δ∞ is investigated in the following.

6.3. Velocity to input power ratio

6.3.1. Assumptions

The electric power required to drive a piezoelectric actuator is highly depen-
dent on the driving frequency. High amplitudes can be achieved with relatively
low input power in resonant operation. This e�ect can also be used in iner-
tia motors by combining multiple resonant modes, as shown for example by
Bansevicius and Blechertas [21], Koc [22], Nishimura et al. [3], Morita et al.
[23]. Determining the input power of such an inertia motor requires detailed
knowledge of the speci�c electromechanical system and thus cannot be done
generally.

In the following it is assumed that the highest frequency fmax = n/T con-
tained in the excitation signal is below or around the �rst resonance frequency
of the system, so that all frequency components of the excitation signal can be
regarded as unin�uenced by higher resonances. This is the case in many inertia
motors found in literature. This assumption does not mean that the response
xR(t)/u(t), with the applied voltage u(t), is the same for all frequency compo-
nents. Indeed, the responses can be very di�erent especially around resonance.
In many cases the required electrical driving signal can be calculated relatively
easily from the desired displacement signal, using either the inverted transfer
function of the piezoelectric actuator or its measured frequency response, as
demonstrated in [5].

As a second assumption, the friction force is regarded negligibly small com-
pared to the inertial force mRẍR(t) of the driving rod for the dominant part of
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the period. This assumption is valid in most inertia motors. For example, in
the case shown in �gure 2(b), the inertial force in the example motor, driven at
a fundamental frequency of 1574 Hz with n = 2, reaches a maximum of 5.94 N,
while the maximum possible friction force is µ0Fc = 0.19 N.

These two assumptions allow a general closed solution for the input power
of a piezoelectric inertia motor.

6.3.2. Input Power

As the piezoelectric actuator and the driving rod are rigidly connected, the
movement of the actuator equals the movement of the driving rod. Up to slightly
above its �rst resonance frequency, a piezoelectric transducer can be described
with su�cient accuracy by a single degree of freedom model. Based on the
notation used by Richter et al. [24, p. 111] and neglecting the usually very
small electric losses inside the piezoelectric actuator, the model is described by

mẍR(t) + dẋR(t) + cxR(t) = F (t) + αu(t) (20)

q(t)− αxR(t) = Cu(t) (21)

where m, d, c are equivalent mass, damping, and sti�ness of the transducer,
α is the transfer factor between electrical and mechanical domain, and C is the
capacitance of the transducer. F (t) is the force acting on the transducer, q(t)
is the charge on the tranducer and u(t) is the voltage.

The transfer functions for such a system can be written in complex notation
as (

î
v̂

)
=

(
y
11

y
12

y
21

y
22

)
·
(

û

F̂

)
(22)

where y
11

to y
22

are di�erent short-circuit admittances and i(t) = q̇(t) =

<
(
î exp(jωt)

)
, ẋR(t) = < (v̂ exp(jωt)), u(t) = < (û exp(jωt)), F (t) = <

(
F̂ exp(jωt)

)
.

For the investigated inertia motor (cp. �g 1(b)), F (t) = −Ff (t)−mRẍR(t).
Assuming that Ff (t) is negligibly small (cp. section 6.3.1) compared to the
inertial force mRẍR(t), F (t) = −mRẍR(t). With this purely inertial force F (t),
(20) can also be written as

MẍR(t) + dẋR(t) + cxR(t) = αu(t), (23)

with M = m+mR and F (t) = 0. With F̂ = 0, (22) becomes(
î
v̂

)
=

(
y
11
y
21

)
· û (24)

which allows to determine voltage and current required to achieve a desired
velocity:

û =
1

y
21

v̂ (25)

î =
y
11

y
21

v̂ (26)
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The amplitudes of the two admittances are:

∣∣∣y
11

∣∣∣ =

√
(dα2)

2
+
(
−
(
ωM − c

ω

)
α2 + Cd2ω + C

(
ωM − c

ω

)
2ω
)2

d2 +
(
ωM − c

ω

)2 (27)

∣∣∣y
21

∣∣∣ =
α√

d2 +
(
ωM − c

ω

)
2

(28)

So the amplitudes of voltage and current can be determined as:

û = |û| =

∣∣∣∣∣ 1

y
21

∣∣∣∣∣ v̂ = v̂

√
d2 + (ωM − c

ω )2

α
(29)

î =
∣∣∣̂i∣∣∣ =

∣∣∣∣∣y11y
21

∣∣∣∣∣ v̂
=

√
α4 − 2C

(
ωM − c

ω

)
α2ω + C2

(
d2 +

(
ωM − c

ω

)
2
)
ω2

α
v̂ (30)

The above formulas are for monofrequent operation. In the Fourier series
describing the excitation signal, the velocity amplitude for each harmonic is
described by v̂k = kω0dk. The amplitudes of voltage and current for each
harmonic follow from (29) and (30) as

ûk =
ω0dkk

α

√
Ak, (31)

îk =
ω0dkk

α

√
α4 + 2Cα2 (c−Mk2ω2

0) + C2k2ω2
0Ak, (32)

with Ak = d2 + (kω0M − c/ (kω0))2 introduced for brevity. From these expres-
sions the e�ective (RMS) values U and I of the total voltage and current are
determined by [25, p. 14]:

U =

√√√√1

2

n∑
k=1

û2k (33)

I =

√√√√1

2

n∑
k=1

î2k (34)

The amplitude S of the complex power is

S = UI. (35)

Inserting the Fourier series terms for voltage and current into (35) with (31)
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and (32) leads to

S =
1

2

√√√√ n∑
k=1

û2k ·

√√√√ n∑
k=1

î2k

=
ω2
0xR,max

2α2
·

√√√√ n∑
k=1

(d∗kk)
2
Ak

·

√√√√ n∑
k=1

(d∗kk)
2

(α4 + 2Cα2 (c−Mk2ω2
0) + C2k2ω2

0Ak). (36)

This term shows that the required electric power is proportional to xR,max

if the other actuator parameters are unin�uenced by this value. The exact
dependence on ω0 depends on the actuator parameters.

6.3.3. Velocity to input power ratio

The e�ciency, de�ned as (mechanical) output power devided by (electric)
input power, is often used to compare electric drives. But for drives mainly used
for positioning it is of little use. For example, an inertia motor positioning a
(freely movable) load horizontally never has a measurable useful output power:
It exerts no force and the load has the same potential energy before and after
positioning.

As the main target of this contribution is to enable faster inertia motors, a
di�erent indicator suitable especially for positioning applications is de�ned to
indicate how well a motor uses its input power for generating fast movements:
The velocity to input power ratio ζ∞ = v̄∞/S, relating steady state velocity to
electrical input power.

7. Performance with frequency-limited excitation signals

The results presented in the following subsection have been calculated using
a numerical motor simulation. The frequent switching between stiction and
sliding friction and the frequent changes of the sign of the friction force make
the simulation with standard variable step algorithms very slow and can lead to
numerical instabilities. In order to speed up the calculation and receive reliable
results, a �xed step algorithm with 5000 time steps per period of the highest
harmonic in the excitation signal was used. Evaluation of the simulation results
shows that there are no signi�cant phases of sliding friction without Lanczos'
σ factors. With σ factors, the time of stiction is larger than 0.1% of the simulated
time in 6 of the simulated 25 cases, the largest value reached is 3.1%. The motor
thus operates almost completely using sliding friction.

For calculating the velocity to input power ratio, parameters identi�ed for
the single degree of freedom model of the piezoelectric actuator driving the
above-mentioned test motor were used. Table 1 contains these parameters.
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Parameter Symbol Value

equivalent mass (actuator + driving rod) M 3.2 g

equivalent damping d 9.50N sm−1

equivalent sti�ness c 24.6N µm−1

transfer factor α 1.985NV−1

capacitance C 800 nF

Table 1: Parameters of the single degree of freedom actuator model describing the piezoelectric
actuator in the test motor, including the driving rod, used for the sample calculations in this
contribution

The frequency of the highest harmonic present in the excitation signals is
fmax = nf0, where f0 = 1/T is the fundamental frequency of the driving signal.
For the continuous mode signals this becomes

fmax = n

√
aR

2xR,max
=
√
κn

√
a+0

2xR,max
, (37)

cp. [4]. This formula shows that while increasing n and κ increases the steady
state velocity, it also increases the frequencies present in the signal. Real ac-
tuators cannot work at arbitrary frequencies but have a maximum frequency
up to which they can be practically operated, so n and κ cannot be increased
arbitrarily in reality. Therefore signals with equal maximum frequency fmax are
compared in the following. For a given fmax, choosing a higher n means to have
a signal with more harmonics, but a lower fundamental frequency, as shown in
�gure 5.
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Figure 5: Di�erent displacement signals xR(t) with equal maximum frequency fmax, without
(a) and with (b) Lanczos' σ factors.

Figures 6 and 7 show steady-state velocity v̄∞, start-up time T · p0.99,
smoothness ς∞, durability indicator δ∞, and the velocity to input power ra-
tio ζ∞, respectively, reached with equal fmax for di�erent combinations of n
and κ with and without the use of Lanczos' σ factors.

Higher maximum frequencies lead to higher steady state velocities v̄∞. For
any given maximum frequency the highest steady state velocity is reached with
n = 2. Using σ factors signi�cantly increases the steady state velocities, by
between 55% and 130% in the shown cases. The maximum steady state velocity
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in ideal stick-slip operation was found to be 0.06 m s−1 for the investigated motor
[4]. In slip-slip operation using frequency-limited signals, this velocity is clearly
exceeded: With σ factors and n = 2 it is reached already for

√
κ ≥ 1.5 and for√

κ = 6 a velocity of 0.297 m s−1 is reached, i. e. 495% of the maximum steady
state velocity in ideal stick-slip operation.

The start-up time T · p0.99 is generally larger for larger maximum frequen-
cies. Without σ factors, the relationship between n and T · p0.99 is steady: For
any given maximum frequency, increasing n decreases the start-up time. With
σ factors, the general tendency is the same, but the relationship is not steady.
For example, the start-up time for n = 3 is shorter than for n = 2 or 4 in all
investigated cases. Generally, the start-up time with an odd number of harmo-
nics is shorter than with the neighbouring even numbers of harmonics. For all
maximum frequencies, the minimum start-up time is reached with κ = 1.

The smoothness of the slider motion ς∞ is generally larger for larger max-
imum frequencies. For any given maximum frequency, increasing n decreases
the smoothness. The use of σ factors increases the smoothness for n = 2, has
little in�uence at n = 3 and reduces the smoothness at n ≥ 4.

Without σ factors, there is only a very small in�uence of the maximum
frequency fmax on the durability indicator δ∞. For any fmax, it is lowest for
n = 2, then rises with rising n. With high fmax, it reaches a maximum above
which it begins to very slowly decrease with rising n. With σ factors, the
durability indicator on average is about twice as high as without σ factors and
more strongly in�uenced by fmax. It is generally higher for lower fmax and
for any fmax it is highest for κ = 1. If durability is very important in a motor
application, it can be increased by about 30% by using high values of n. But this
also brings disadvantages regarding the motional performance and the e�ect is
far smaller than what can possibly be achieved using suitable frictional materials
and surfaces. Before changing the driving signal, these should therefore be the
�rst measures to increase the lifetime of an inertia motor.

The velocity to input power ratio ζ∞ is found to be generally higher for
higher fmax. Without σ factors, it steadily falls for rising n for high fmax. For
lower fmax, it has a maximum at n = 3. Using σ factors signi�cantly increases
the velocity to input power ratio by up to 124%. With σ factors, it is higher for
higher fmax and maximal for n = 2 for any fmax.

8. In�uence of actuator stroke and bandwidth

In [4] the same in�uence of the actuator stroke on the step size and the
steady state velocity was found for all investigated ideal modes of operation
(where xR,max = x̂R):

x̄∞ ∝ x̂R (38)

v̄∞ ∝
√
x̂R (39)

These proportionalities are not only valid for the speci�c ideal and frequency-
limited excitation signals derived in the previous chapters, but for any periodic

15



2 3 4 5 6 7 8 9 10 11 12

10
−1

v̄
∞

[m
/s
]

2 3 4 5 6 7 8 9 10 11 12
10

0

10
1

T
·
p
0
.9
9
[m

s]

2 3 4 5 6 7 8 9 10 11 12

10
0

10
2

ς ∞
[-
]

2 3 4 5 6 7 8 9 10 11 12

0.2

0.3

0.4

0.5

δ ∞
[1
/N

]

2 3 4 5 6 7 8 9 10 11 12
10

−4

10
−3

ζ ∞
[m

/(
V
A
s)
]

n

 

 

n
√
κ = 2 n

√
κ = 3 n

√
κ = 5 n

√
κ = 8 n

√
κ = 12

Figure 6: Steady state velocity v̄∞, start-up time T · p0.99, smoothness ς∞, velocity to input
power ratio ζ∞, and durability indicator δ∞ for di�erent maximum frequencies fmax ∝ n
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without Lanczos' σ factors. Results for other values of n
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κ are not shown, but �t the shown

results without exception. The lines are for visual guidance only as n ∈ N+.
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excitation signal, if the signal form, determined by the normalised amplitude
vector d/x̂R and the phase vector ϕ, is kept constant and the period T of the
excitation signal is adjusted following the proportionality found for the ideal
signals in [4]:

T ∝
√
x̂R (40)

This statement is proven with the help of an example: Figure 8 shows typical
velocity signals for rod and slider in steady state, excitated with a frequency-
limited signal (n = 2), over one period T . With constant d/x̂R follows for the
amplitude of the rod velocity v̂R from (9) and (40):

v̂R ∝ ω0x̂R =
2π

T
x̂R ∝

√
x̂R (41)

Thus a change of x̂R changes ẋR(t) in �gure 8 equally on the time and
velocity axes. This means that the acceleration of the rod is unchanged. Thus
the course of ẋS(t), determined by the �slopes� a+d and a−d , does not change
qualitatively. Even if there are phases of stiction, the courses of the velocities
of rod and slider are qualitatively unchanged by a change of x̂R: Because the
course of the acceleration over the normalised time t/T remains the same, the
break-away acceleration a0 is reached at the same normalised times. The steady
state slider velocity is thus qualitatively unin�uenced by a change of x̂R.

0
v_q

 

 

ẋS (steady state)
ẋR

v̄∞

0
t

ẋ

T

v̂R

ẋS (1st period)

Figure 8: Velocities of rod and slider, excitated with a frequency-limited signal (n = 2, no
σ factors), shown for the �rst period (p = 1) and for a period in steady state (p→∞).

The same argumentation shows that the course of the slider velocity at start-
up is also qualitatively unin�uenced by a change of x̂R. This means that the
number of periods pq until the required degree of approximation to the steady
state velocity is reached is constant. From (40) follows for the start-up time
T · pq:

T · pq ∝
√
x̂R (42)
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To achieve high velocities it is therefore advisable to use actuators with large
stroke. But � at least for non-resonant operation � the higher the stroke of an
actuator is, the lower its maximum allowed operating frequency usually is. For
example, the maximum allowed frequency for longitudinal actuators is often de-
termined as a �xed percentage of the �rst resonance frequency. This is inversely
proportional to the actuator length, which in turn is directly proportional to
the actuator stroke. Thus

fallowed ∝
1

x̂R
. (43)

This maximum allowed frequency falls faster with rising actuator stroke than the
maximum signal frequency, which falls with the inverse of the square root of the
actuator stroke, cp. (37). Figure 9 visualises this relation. Right of the dotted
line in the �gure, the velocity of an inertia motor is impaired by the maximum
frequency allowed for the actuator. Left of the dotted line the bandwidth of the
actuator cannot be fully used. To reach the maximum velocity possible, making
full use of the actuator capabilites, the motor should thus be designed so that
fmax = fallowed.

log x̂R

lo
g
f

fallowed ∝ 1/x̂R

fmax ∝ 1/
√
x̂R

Figure 9: Schematic visualising the dependance of fmax and fallowed on x̂R

The theoretical result that high stroke actuators allow higher motor velocities
is supported by the fact that almost all inertia motors achieving high (here:
20 mm s−1 or larger) velocities use large actuator strokes achieved either by
resonance e�ects [22, 3, 23, 26] or by mechanical ampli�cation using compliance
mechanisms [27] or bending actuators [28, 29, 30]. As far as known to the
authors, only the motor by Okamoto and Yoshida [1] reaches such velocities
with an un-ampli�ed multilayer actuator.

9. Conclusions

Using the example of a translational inertia motor excited by an ideal dis-
placement signal, it was found in the �rst part of this contribution [4] that there
are four di�erent modes of operation of inertia motors which are di�erentiated
by two criteria: discrete or continuous modes of operation, and stick-slip or slip-
slip operation. One major result of the investigation of the motor performance
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was that the maximum velocity reachable in stick-slip operation and/or with
discrete steps is limited principally, while continuous slip-slip operation allows
very high velocities.

In this part, it was shown that continuous slip-slip operation is also the one
that can best be achieved with real actuators. Even with signals containing
harmonics of relatively low frequency only, velocities higher than the theoretical
maximum for stick-slip operation can be achieved.

A comparison of di�erent signals showed that the highest velocity and the
smoothest slider motion are achieved with a signal containing only two harmo-
nics, and a fundamental frequency as high as possible. Especially for signals
with only two harmonics, using Lanczos' σ factors for calculating the amplitu-
des of the harmonics contained in the excitation signal drastically increases the
steady state velocity, the durability, and the power requirement of the motor
and also has a positive e�ect on the smoothness of the motor motion. The only
disadvantage of using these factors is a small increase in start-up time.

For the investigated driving signals, the motor velocity is proportional to the
square root of the actuator stroke. To build high velocity inertia motors it is
therefore recommendable to use actuators with large stroke and to drive them
with a signal consisting of two harmonics, ideally making use of resonance e�ects,
at a high fundamental frequency. High resonance frequencies and large stroke
are con�icting goals in the design of piezoelectric actuators. For non-resonant
operation it was shown that inertia motors should ideally be operated so that
the highest frequency component of the driving signal equals the maximum
frequency allowed for the piezoelectric actuator.

As the knowledge about the advantages of slip-slip operation of inertia mo-
tors is growing and spreading, the authors expect that the number of dedicated
slip-slip inertia motors will grow signi�cantly in the near future, further wide-
ning the �eld of application of inertia motors.
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