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Abstract

Piezoelectric inertia motors, also known as �stick-slip drives�, use the inertia of
a body to drive it in small steps by means of a friction contact. While these
steps are classically assumed to involve stiction and sliding, the motors can also
operate in �slip-slip� mode without any phase of static friction. This contribu-
tion provides a systematic investigation and performance comparison of di�e-
rent stick-slip and slip-slip modes of operation. Di�erent criteria for comparing
the motional performance of inertia motors are de�ned: Steady state velocity,
smoothness of motion, and start-up time. Using the example of a translatio-
nal inertia motor excited by an ideal displacement signal, it is found that the
maximum velocity reachable in stick-slip operation is limited principally, while
continuous slip-slip operation allows very high velocities. For the investigated
driving signals, the motor velocity is proportional to the square root of the ac-
tuator stroke. The motor performance with these ideal signals de�nes an upper
boundary for the performance of real motors.

Keywords: inertia motor, stick-slip drive, mode of operation, performance
indicator, velocity maximization, actuator stroke

1. Introduction

Piezoelectric inertia motors have originally been developed in the mid-1980s
for �ne positioning applications in the laboratory [1, 2, 3], but found application
in several other �elds in the last years, often in miniaturized consumer goods
[4, 5, 6, 7, 8]. This was facilitated by the fact that inertia motors have a
simple construction and are controlled by a single signal, which allows for low
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production costs and simpli�es miniaturization. Recent development trends are
the simultaneous use of two eigenmodes of the stator component to produce high
velocity inertia motors [9, 10, 11, 12], compact inertia motors that require only
one drive signal to operate with two degrees of freedom [13, 8], and controlled
force generation with inertia motors [14, 15].

Inertia motors use the inertia of a body to drive it by means of a friction
contact in a series of small steps. Motors of this type are also known as �stick-
slip drives� because these steps are classically regarded to be composed of a
phase of static friction between the driving and the driven part and a phase
where the two parts slide on each other. But inertia motors can successfully
operate also without phases of static friction, which is known as the �slip-slip�
mode.

This fact has been gaining wider recognition since only a few years. Some
authors [16, 8, 11] have described inertia motors operating in both stick-slip
and slip-slip mode, but the principal advantages, disadvantages und limitations
of the two modes of operation are still unclear. This contribution aims to
provide a systematic investigation of di�erent modes of operation of inertia
motors and of the maximum motor performance achievable in these modes under
ideal conditions.

The model of a translational inertia motor excited by a displacement signal,
which is the basis of this investigation, is introduced in section 2. Di�erent values
that describe the motional performance of an inertia motor are identi�ed and
clearly de�ned in section 3. In section 4, four di�erent drive signals (stepping
or continuous motion; stick-slip or slip-slip) that maximize the motor velocity
are derived from the model, and the performance of the motor using these
signals is determined. As they are derived assuming an ideal actuator with
unlimited velocity and acceleration, these values de�ne an upper boundary for
the performance of real motors. The conclusions are presented in section 5. The
performance of inertia motors driven with frequency-limited signals derived from
the ideal signals presented in this contribution is left for future work.

2. Model and de�nitions

2.1. Motor

(a) (b)

Figure 1: (a) Schematic view of a �xed-actuator type inertia motor and (b) photo of an
example of such a motor
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Figure 1(a) shows a schematic view of the investigated type of motor: A
rigidly mounted � usually piezoelectric � actuator has a rod attached to its
tip. A slider hangs below the driving rod. It is pressed against the rod by an
additional contact force, usually resulting from elastic deformation or magnetic
attraction. Figure 1(b) shows an example of such a motor constructed in the
authors' lab: The pre-stressed piezoelectric multilayer actuator (PSt 150/5/20
from Piezomechanik GmbH) has a steel rod attached to its tip. According to
the manufacturer and validated by experiments [17, 18], it has a stroke of 27 µm
in quasistatic operation when driven with the maximum allowed voltage of -30
to +150 V. Experiments have shown that, depending on the mass of the rod,
this stroke can be obtained at frequencies up to at least some kilohertz. For
the following calculations, a maximum stroke of 25 µm was assumed in order
to compensate for possible degradation of the actuator performance, and to
allow a small safety margin from the maximum allowed voltage. The slider is
made of aluminium with glued-on alumina (Al2O3) friction pads as the contact
interface. It is pressed against the rod by the magnetic attraction force exerted
by a magnet that is �xed at the opposite side of the slider. The attraction
force and the coe�cients of friction for this setup have been determined by
the authors in unpublished experiments. Table 1 contains a list of all relevant
parameters of the test motor and their values.

It should be emphasized that the following investigations and results are not
only valid for this speci�c motor, but of general validity for this motor type �
the motor parameters in table 1 and the gravity constant g = 9.81 m s−1 have
only been used to generate the diagrams presented in chapter 4.

Parameter Symbol Value

rod mass mR 2.6 g
slider mass mS 1.4 g
maximum rod displacement xR,max 25 µm
additional contact force FM 1 N
coe�cient of sliding (dynamic) friction µd 0.16
coe�cient of static friction (stiction) µ0 1.1 · µd = 0.176
angle of rod orientation γ 0

Table 1: Parameters of a test motor, used to calculate the diagrams in chapter 4

2.2. Model

Figure 2 shows the model which is the basis of the following analysis. A slider
of mass ms hangs below the driving rod. xR(t) and xS(t) are the displacements
of rod and slider, respectively. The contact force Fc between rod and slider
results from the gravitational force Fg and an external force FM , both assumed
to act on the center of gravity C of the slider. The friction force Ff (t) acts
between rod and slider.

In this �rst part of the analysis, the usually piezoelectric actuator that moves
the rod is not considered and the displacement xR(t) of the rod is regarded as

3



the system input which is limited by

0 ≤ xR(t) ≤ xR,max. (1)

Velocity ẋR(t) and acceleration ẍR(t) of the rod are not limited. The follo-
wing additional assumptions and simpli�cations are made:

• Rod and slider are regarded as rigid bodies. This assumption is valid as
long as the highest excitation frequency is much smaller than the �rst
eigenfrequency of rod or slider, whichever is lower.

• The rod is excited purely axially, there is no lateral movement.

• Rotational e�ects of all forces are neglected.

Figure 2: Rigid body model of a simple translational inertia motor

The equation of motion of the slider is

mS ẍS(t) = −Fg sin γ + Ff (t), (2)

with Fg = mSg.
In this analysis, the friction force Ff (t) is modelled using a Coulomb friction

model with constant coe�cients of static and dynamic friction µ0 and µd. It
can therefore be described by

Ff (t) =


mS ẍR(t) + Fg sin γ if ẋR(t) = ẋS(t)

∧ |mS ẍR(t) + Fg sin γ| ≤ Ff,0,max

µdFc sgn (ẋR(t)− ẋS(t)) if ẋR(t) 6= ẋS(t)

∨ |mS ẍR(t) + Fg sin γ| > Ff,0,max

(3)

with the maximum transmissible force in stiction Ff,0,max = µ0Fc and the
normal contact force Fc = −Fg cos γ + FM .
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2.3. De�nitions

The break-away acceleration a0(t) of the rod, above which the slider starts
to slide, is found from Ff,0,max and the equation of motion (2) as

a0(t) = −g sin(γ) + sgn(ẍR(t))
µ0Fc

mS
(4)

The acceleration of the slider during sliding is determined from (2) and (3)
as:

ad(t) = −g sin(γ) + sgn(ẋR(t)− ẋS(t))
µdFc

mS
(5)

a0(t) and ad(t) are functions of time but if g, γ, µ0, µd, and FM are constant as
they are in many applications, the two accelerations can only take two di�erent
values each. These values can be regarded as characteristic accelerations of the
motor system. To simplify the following calculations, these four accelerations
are given individual symbols:

a+0 = a0(ẍR > 0) = −g sin(γ) +
µ0Fc

mS
(6)

a−0 = a0(ẍR < 0) = −g sin(γ)− µ0Fc

mS
(7)

a+d = ad(ẋR − ẋS > 0) = −g sin(γ) +
µdFc

mS
(8)

a−d = ad(ẋR − ẋS < 0) = −g sin(γ)− µdFc

mS
(9)

It can be shown that in every motor capable of bidirectional movement, the
characteristic accelerations have a �xed sign corresponding to their superscript:

a+0 > 0 a−0 < 0 a+d > 0 a−d < 0

In the following chapters only operation with slider movement in positive
direction of xS is treated. Movement in negative direction of xS can be treated
analogously.

3. Motional performance indicators

3.1. Steady state velocity

In an inertia motor, the slider does not have a constant velocity by princi-
ple. Figure 3 shows a typical oscillation of the slider velocity in steady state
around the steady state velocity v̄∞. Similar velocity pro�les have been found
in experiments by Okamoto and Yoshida [16] and � shown in �gure 4 � by the
authors with the motor described in section 2.1.

In many cases, the mean velocity of an inertia motor slider increases asymp-
totically period by period. Figure 5 shows such a typical velocity increase. Such
transient behaviour has been observed in experiments by the authors and others
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Figure 3: Typical idealised slider velocity ẋS(t) in steady state
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Figure 4: Measured slider velocity slider in the test motor described in section 2.1 in steady
state at di�erent excitation frequencies

[16, 19, 11]. In the following, v̄p is the mean slider velocity in the p-th period
and the steady state velocity v̄∞ is de�ned as

v̄∞ = lim
p→∞

v̄p. (10)

0
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p

v̄ p
/
v̄ ∞

Figure 5: Typical velocity increase of an inertia motor at start-up, shown over the number of
periods p

3.2. Start-up time

Unless in some rare ideal cases where v̄∞ is reached in a �nite number of
periods, the start-up time of an inertia motor is not clearly de�ned. It therefore
makes sense to de�ne a threshold percentage q of v̄∞. In the following, pq is
the �rst period during which v̄pq ≥ q · v̄∞ and the start-up time is T · pq, where
T is the period of the excitation signal. As v̄p is de�ned over complete periods
only, the start-up time following this de�nition is always a multiple of T . For
example, T ·p0.99 is the time after which v̄p ≥ 0.99 v̄∞. In the following, T ·p0.99
is called the start-up time.
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3.3. Smoothness indicator

In any application, a smooth slider motion is desired. In the following, the
magnitude of the inverse of the relative spread between minimum und maximum
slider velocity is used as the indicator ςp for the smoothness of the slider motion
in period p:

ςp =
|v̄p|

maxp (ẋS(t))−minp (ẋS(t))
(11)

The smoother the motion of the slider is, the higher becomes ςp. In the follo-
wing, the smoothness indicator for steady state, ς∞ = limp→∞ ςp, is compared.

4. Ideal excitation signals for maximum velocity

In many applications of inertia motors, especially in consumer applications,
high velocity is a primary design goal. In this chapter, drive signals xR(t) that
maximize the steady state velocity of the slider under di�erent requirements
are described and the motional performance indicators are determined for these
modes. The di�erences between the four presented modes are whether the slider
is accelerated by stiction or sliding friction and whether it is making discrete
steps or continuously moving.

For each mode, typical plots of displacement, velocity, and acceleration of
rod and slider over time are presented. These plots were calculated using the
analytical equations derived in the respective sections with the parameters given
in table 1 and the constants de�ned in section 2.3. Positive and negative in�nite
velocities and accelerations are indicated in the plots by arrows pointing up or
down, respectively.

4.1. Discrete �stepping� stick-slip operation

4.1.1. Movement cycle

In discrete or stepping stick-slip mode, the slider is accelerated by stiction
and moves in a series of discrete steps between which the whole motor is at rest.
Fig. 6 shows displacement, velocity, and acceleration of rod and slider in this
mode of operation. The movement cycle for maximum velocity in this mode
consists of three phases which are continously repeated:

1. Acceleration phase (length ∆t1): The rod accelerates with aR = κa+0 until
it reaches its maximum position xR,max, with κ ≤ 1 so that the slider sticks
to the rod and thus makes the same movement.

2. Pull-back (in�nitely short): The rod returns to xR(t) = 0. Due to the
assumption of unlimited rod velocity and acceleration, this phase is in�-
nitely short. The (in�nite) rod acceleration is larger than a+0 , thus the
slider starts to slide.

3. Deceleration phase (length ∆t2): The rod is at rest, the slider is continu-
ously decelerated by sliding friction until it also comes to rest.
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Figure 6: Displacement (x), velocity (ẋ), and acceleration (ẍ) of rod (index R) and slider
(index S) in discrete stick-slip operation. All scales of the same type (time, displacement,
velocity, acceleration) are equal.

4.1.2. Analysis

Acceleration phase. During the �rst acceleration phase after a start from rest,
the movement of rod and slider is described by:

ẍR(t) = ẍS(t) =aR

ẋR(t) = ẋS(t) =aRt

xR(t) = xS(t) =
aR
2
t2 (12)

The acceleration phase ends when the rod has reached its maximum de-
�ection, i. e. when xR(t) = xR,max. The length ∆t1 of this phase is determined
by

∆t1 =

√
2xR,max

aR
(13)

and at the end of this phase rod and slider have the same velocity v1:

v1 =
√

2xmaR (14)

Pull-back phase. During this phase, the acceleration of the rod becomes in�-
nitely large �rst in in negative and then in positive direction. The velocity of
the rod becomes in�nintely large in negative direction. The position of the rod
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jumps from xR(∆t1) = xR,max to xR(∆t1) = 0. As this phase is in�nitely short,
the slider does not move in this phase.

Deceleration phase. During the deceleration phase, the movement of rod and
slider is described by:

ẍR(t) =0 ẋR(t) =0 xR(t) =0 (15)

ẍS(t) =a−d

ẋS(t) =v1 + a−d (t−∆t1)

xS(t) =xR,max + v1(t−∆t1) +
a−d
2

(t−∆t1)2 (16)

The deceleration phase ends when the slider velocity reaches zero, i. e. when
ẋS(∆t1 + ∆t2) = 0. From this condition follows the length ∆t2 of this phase as

∆t2 = − v1
a−d

= −
√

2xR,maxaR

a−d
. (17)

4.1.3. Motional performance

In modes of operation with discrete steps, the step size and the mean velocity
remain constant in each period. At the end of the deceleration phase the slider
has completed its step, thus the step size is

x̄∞ = xS(∆t1 + ∆t2) =

(
1− aR

a−d

)
xR,max. (18)

The period is

T = ∆t1 + ∆t2 =
√

2xR,max

(
1
√
aR
−
√
aR

a−d

)
. (19)

The steady state velocity is v̄∞ = x̄∞/T . Because of the purely linear change
of the slider velocity � cp. �gure 6 � it can also be calculated as v̄∞ = v1/2.
Both formulas lead to:

v̄∞ =

√
xR,maxaR

2
(20)

The steady state velocity is reached already in the �rst period, which means
that p0.99 = 1 and therefore the start-up time is

T · p0.99 = T =
√

2xR,max

(
1
√
aR
−
√
aR

a−d

)
. (21)

The smoothness indicator becomes:

ς∞ =
|v̄∞|

vmax,∞ − vmin,∞
=

v̄∞
v1 − 0

=
1

2
. (22)
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4.2. Continuous stick-slip operation

4.2.1. Movement cycle

In this mode of operation the deceleration phase is minimized. The slider is
continuously in motion in this mode which is thus called the continuous mode
of operation. Fig. 7 shows displacement, velocity, and acceleration of rod and
slider in this mode of operation. The movement cycle for maximum velocity
consists of four phases, phases 2 to 4 are continuously repeated:

1. First acceleration phase (length ∆t1): The rod accelerates with aR = κa+0
until it reaches its maximum position xR,max. As κ ≤ 1 in this stick-slip
mode, the slider sticks to the rod and thus makes the same movement.

2. Pull-back (in�nitely short): The rod returns to xR(t) = 0. Due to the
assumption of unlimited rod velocity and acceleration, this phase is in�-
nitely short. The (in�nite) rod acceleration is larger than a+0 , the slider
begins to slide on the rod.

3. Decelaration phase (length ∆t2): The rod again accelerates with aR. Be-
cause the slider velocity is still higher than the rod velocity, the slider is
continuously decelerated by sliding friction.

4. Acceleration phase (length ∆t1−∆t2): When (increasing) rod velocity and
the (decreasing) slider velocity are equal, a new phase of stiction begins
during which the slider moves with the rod and is thus accelerated with
aR.

4.2.2. Analysis

First acceleration phase. The �rst acceleration phase in continuous stick-slip
operation is identical to the acceleration phase in discrete operation described
in section 4.1.2.

Pull-back phase. This phase is identical to the pull-back phase in discrete ope-
ration described in section 4.1.2.

Deceleration phase. During the deceleration phase, the slider moves like in the
discrete mode (equations (16)). But the rod is accelerated again with aR directly
after it has returned to its starting position. Its movement is described by

ẍR(t) =aR

ẋR(t) =aR(t−∆t1)

xR(t) =
aR
2

(t−∆t1)2 (23)

The deceleration phase ends when the (decelerating) slider and the (accele-
rating) rod reach the same velocity. From this condition the length ∆t2 of this
phase is found by equating ẋS(∆t1 +∆t2) = ẋR(∆t1 +∆t2) (equations (16) and
(23)) as

∆t2 =
v1

aR − a−d
(24)
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Figure 7: Displacement (x), velocity (ẋ), and acceleration (ẍ) of rod (index R) and slider
(index S) in continuous stick-slip operation. All scales of the same type (time, displacement,
velocity, acceleration) are equal and as in �gure 6.

Substituting (24) into (16) or (23) gives the (equal) velocities v2 of rod and
slider at the end of the deceleration phase:

v2 = ẋS(∆t1 + ∆t2) = ẋR(∆t1 + ∆t2) = v1
aR

aR − a−d
. (25)

Acceleration Phase. Once slider and rod reach the same velocity, the slider
again sticks to the rod. Because the rod is not at xR(t) > 0 at the beginning of
this phase, it is shorter than the �rst acceleration phase. Because of the purely
linear velocity change, its length can be calculated as

∆t1 −∆t2 =
v1 − v2
aR

. (26)

This phase ends when the rod again reaches its maximum position at t =
2 ∆t1. The velocity of rod and slider at the end of this phase is

ẋR(2 ∆t1) = ẋS(2 ·∆t1) = aR ·∆t1. (27)

Full Cycle. After the �rst acceleration phase the slider moves in a steady state
cycle of acceleration and deceleration. This cycle has the period

T = ∆t1 =

√
2xR,max

aR
. (28)
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4.2.3. Motional Performance

The steady state velocity of the slider is calculated as:

v̄∞ =
v1 + v2

2
=

√
xR,maxaR

2

(
1 +

aR

aR − a−d

)
(29)

The steady state step size follows as:

x̄∞ = v̄∞ ·∆t1 = xR,max

(
1 +

aR

aR − a−d

)
(30)

The steady state velocity is reached in the second period. Unless µd � µ0,
which cannot be the case in real systems, the mean velocity in the �rst period is
signi�cantly below the steady state velocity. So p0.99 = 2 is true for all relevant
systems and therefore the start-up time is

T · p0.99 = 2

√
2xR,max

aR
. (31)

Applying (14), (25), and (29) to (11), the smoothness indicator becomes

ς∞ =
|v̄∞|

vmax,∞ − vmax,∞
=

v̄∞
v1 − v2

=
1

2
− aR

a−d
. (32)

4.3. Accelerating stick-slip operation

The length of the deceleration phase in continuous stick-slip operation could
be reduced if the rod acceleration was higher than a+0 in this phase. In this
mode of operation, the mean slider velocity would rise from period to period.
It is therefore called the accelerating mode of operation. Assuming unlimited
rod acceleration, this phase could become in�nitely short. The slider velocity
would then be described by ẋS(t) = aR · t.

For a correct determination of the driving signal for this mode it would be
necessary to exactly know the current slider velocity, which required a sensor.
Also, the driving signal is not periodic in this mode of operation and has to
be recalculated every period, which requires a powerful signal generator. For
these reasons, practical realization of this mode is very di�cult and costly. It
is therefore not discussed any further in this contribution. Short discussions of
this mode and model calculations in which it is applied using excitation signals
with limited acceleration can be found in [20] and [21].

4.4. Discrete slip-slip operation

In the stick-slip modes of operation discussed above, the slider is accelerated
with aR = κa+0 , with κ ≤ 1. The maximum acceleration possible using stiction
is achieved with κ = 1. If the rod acceleration in the acceleration phase is
increased above a+0 (i. e. if κ > 1), there is no more stiction in this phase and
the slider is accelerated by sliding friction. The motor is than said to operate in
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slip-slip mode. Both a discrete and a continuous slip-slip mode can be realized
analogously to the stick-slip modes.

These modes are analysed in this and the following section. It should be
noted that the discrete steps in discrete slip-slip mode require rod and slider to
be at rest at least for an in�nitely short time at the end of every period. Though
labelled �slip-slip�, this mode is therefore not strictly �sliding only�.

4.4.1. Movement cycle

The movement cycle of rod and slider in this mode only di�ers from the
cycle of the discrete stick-slip mode described in section 4.1.1 by the acceleration
magnitudes in the acceleration phase. Figure 8 shows displacement, velocity,
and acceleration of rod and slider in this mode of operation.
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ẍ
S ∆t1

∆t2

∆t1

∆t2

Figure 8: Displacement (x), velocity (ẋ), and acceleration (ẍ) of rod (index R) and slider
(index S) in discrete slip-slip operation with κ = aR/a

+
0 = 2. All scales of the same type

(time, displacement, velocity, acceleration) are equal and as in �gure 6.

4.4.2. Analysis

Acceleration phase. During the acceleration phase, the movement of rod and
slider is described by:

ẍR(t) = aR

ẋR(t) = aRt

xR(t) =
aR
2
t2 (33)
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ẍS(t) = a+d

ẋS(t) = a+d t

xS(t) =
a+d
2
t2 (34)

The acceleration phase ends when the rod has reached its maximum de-
�ection, i. e. when xR(t) = xR,max. As in the other modes of operation, the
length ∆t1 of this phase is determined by

∆t1 =

√
2xR,max

aR
. (35)

At the end of this phase the slider has the velocity

v1 = a+d

√
2xR,max

aR
(36)

and is at the position

x1 =
v1∆t1

2
= xR,max

a+d
aR

. (37)

Pull-back phase. During this phase, the acceleration of the rod becomes in�ni-
tely large �rst in negative and then in positive direction. The velocity of the rod
becomes in�nintely large in negative direction. The position of the rod jumps
from xR(∆t1) = xR,max to xR(∆t1) = 0. The slider does not move during this
in�nitely short phase.

Deceleration phase. During the deceleration phase, the rod is at rest as in the
discrete stick-slip mode of operation:

ẍR(t) =0 ẋR(t) =0 xR(t) =0 (38)

The slider movement in this phase is described by:

ẍS(t) = a−d

ẋS(t) = v1 + a−d (t−∆t1)

xS(t) =x1 + v1(t−∆t1) +
a−d
2

(t−∆t1)2 (39)

The deceleration phase ends when the slider velocity reaches zero, i. e. when
ẋS(t) = 0. From this condition follows the length ∆t2 of this phase:

∆t2 = − v1
a−d

= −
a+d
a−d

√
2xR,max

aR
(40)
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4.4.3. Motional performance

In modes of operation with discrete steps, the step size and the mean velocity
are the same in each period. At the end of the deceleration phase the slider has
completed its step of

x̄∞ = xS(∆t1 + ∆t2) =
a+d
aR

(
1−

a+d
a−d

)
xR,max (41)

in a period of

T = ∆t1 + ∆t2 =

(
1−

a+d
a−d

)√
2xR,max

aR
. (42)

Due to the purely linear change of the slider velocity � cp. �gure 8 � the
mean velocity can be calculated either as v̄∞ = x̄∞/T or as v̄∞ = v1/2. Both
formulas lead to:

v̄∞ = a+d

√
xR,max

2aR
(43)

As in the discrete stick-slip mode of operation, the steady state velocity is
reached already in the �rst period, which means that p0.99 = 1 and therefore
the start-up time is

T · p0.99 = T =

(
1−

a+d
a−d

)√
2xR,max

aR
. (44)

Following (11), the smoothness indicator becomes:

ς∞ =
|v̄∞|

vmax,∞ − vmin,∞
=

v̄∞
v1 − 0

=
1

2
(45)

4.5. Continuous slip-slip operation

4.5.1. Movement cycle

As described above, a continuous slip-slip mode can be realized analogously
to the continous stick-slip mode described in section 4.2, with the di�erence
that κ > 1 so that the slider is accelerated by sliding friction instead of stiction.

Other than in the other modes with periodic drive signals, in continuous
slip-slip mode the mean velocity of the slider continuously increases in every
period asymptotically towards a saturation value. Figure 9 shows displacement,
velocity, and acceleration of rod and slider in this mode of operation.

4.5.2. Analysis

The �rst period after start from rest (p = 1) consists only of one acceleration
phase of length ∆t1, the following periods (p ≥ 2) consist of a deceleration phase
of length ∆t2,p and an acceleration phase of length ∆t1 −∆t2,p.
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Figure 9: Displacement (x), velocity (ẋ), and acceleration (ẍ) of rod (index R) and slider
(index S) in continuous slip-slip operation with κ = a/a+0 = 2. All scales of the same type
(time, displacement, velocity, acceleration) are equal and as in �gure 6.

First acceleration phase. The �rst phase of acceleration from rest (p = 1) equals
the acceleration phase of the discrete slip-slip mode described in section 4.4.2.
This phase, and with it the �rst period, de�ning the cycle time, ends at

T = ∆t1 =

√
2xR,max

aR
(46)

and at this time the slider has the velocity

ẋS(∆t1) = a+d

√
2xR,max

aR
. (47)

and is at the position

xS(∆t1) =
ẋS(∆t1)∆t1

2
= xR,max

a+d
aR

. (48)

Pull-back phase. The pull-back phase of the continuous mode equals the pull-
back phase of the discrete slip-slip mode described in section 4.4.2.
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Deceleration phase. During the deceleration phases (p ≥ 2), the slider mo-
vement is described by

ẍS(t) = a−d

ẋS(t) = ẋS((p− 1)∆t1) + a−d (t− (p− 1)∆t1)

xS(t) =xS((p− 1)∆t1) + v1(t− (p− 1)∆t1) +
a−d
2

(t− (p− 1)∆t1)2 (49)

while the rod is accelerated again with aR directly after it has returned to its
starting position. Its movement is described by:

ẍR(t) = aR

ẋR(t) = aR(t− (p− 1)∆t1)

xR(t) =
aR
2

(t− (p− 1)∆t1)2 (50)

The deceleration phase ends when the (decelerating) slider and the (accelera-
ting) rod reach the same velocity. From this condition the length of the �rst
deceleration phase ∆t2,2 is found by equating ẋS(∆t1+∆t2,2) = ẋR(∆t1+∆t2,2)
(equations (49) and (50)) as

∆t2,2 =
v1

aR − a−d
=

a+d
aR − a−d

√
2xR,max

aR
. (51)

Substituting (51) into (49) or (50) gives the velocity vS,min,2 of rod and slider
at the end of the �rst deceleration phase:

vS,min,2 = ẋS(∆t1 + ∆t2,2) = ẋR(∆t1 + ∆t2,2)

= v1
aR

aR − a−d
=

a+d
aR − a−d

√
2xR,maxaR. (52)

Second acceleration phase. In this phase, the slider is again accelerated through
sliding friction. Its motion is described by:

ẍS(t) = a+d

ẋS(t) = vS,min,2 + a+d (t−∆t1 −∆t2,2)

xS(t) = xS(∆t1 + ∆t2,2) + v2,1(t−∆t1 −∆t2,2) +
a+d
2

(t−∆t1 −∆t2,2)2 (53)

This phase ends when the driving rod again reaches its maximum de�ection
xR,max at 2 ∆t1.

At the end of the second acceleration phase, slider velocity and position are
described by:

ẋS(2 ∆t1) = vS,min,2 + a+d (∆t1 −∆t2,2) (54)

Comparing (47) and (54) shows that the slider movement in one cycle is
di�erent from the slider movement in the previous cycle: ẋS(2 ∆t1) 6= ẋS(∆t1).
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The minimum and maximum slider velocities reached in period p at t = (p −
1)∆t1 + ∆t2,p and t = p · ∆t1 are described by the following sequences (with
∆t2,1 = 0 because there is no deceleration phase in the �rst period):

vS,min,1 = 0

vS,min,p = ẋS((p− 1)∆t1 + ∆t2,p)

= vS,max,p−1 + a−d ·∆t2,p for p ∈ N+\{1} (55)

vS,max,p = ẋS(p ·∆t1)

= vS,min,p + a+d (p ·∆t1 −∆t2,p) for p ∈ N+ (56)

These sequences converge for p→∞ and so do the other characteristic times,
velocities and displacements of the drive cycle. For steady state operation,
di�erent characteristic values can be described by relatively simply expressions.

Steady state operation. In steady state operation,

lim
p→∞

(∆t1 −∆t2,p)

∆t2,p
= −

a−d
a+d

and the velocity oscillates linearly between vS,max,∞ = ẋS (p ·∆t1) and vS,min,∞ =
ẋS ((p− 1) ·∆t1 + ∆t2,∞). The mean velocity is determined as

v̄∞ =
vS,max,∞ + vS,min,∞

2
=
a+d
(
a−d − 2aR

)
a−d − a

+
d

√
xR,max

2aR
(57)

and the slider motion per period (�step length�) follows as

x̄∞ = v̄∞T = xR,max

a+d
(
a−d − 2aR

)(
a−d − a

+
d

)
aR

. (58)

4.5.3. Motional performance

The smoothness indicator becomes:

ς∞ =
|v̄∞|

vS,max,∞ − vS,min,∞
=

1

2
− aR

a−d
(59)

There is no closed solution for the start-up time in this mode of operation.
But pq can be determined from the sequences (55) and (56) by �nding the
minimum p which satis�es

vS,max,p + vS,min,p

2
≥ q · v̄∞ (60)
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discrete continuous
stick-slip

T
√

2xR,max

(
1√
aR
−
√
aR

a−
d

)
(19)

√
2xR,max

aR
(28)

x̄∞ xR,max

(
1− aR

a−
d

)
(18) xR,max

(
1 + aR

aR−a−
d

)
(30)

T · p0.99
√

2xR,max

(
1√
aR
−
√
aR

a−
d

)
(21) 2

√
2xR,max

aR
(31)

v̄∞

√
xR,maxaR

2 (20)
√

xR,maxaR

2

(
1 + aR

aR−a−
d

)
(29)

ς∞
1
2 (22) 1

2 −
aR

a−
d

(32)

slip-slip

T
(

1− a+
d

a−
d

)√
2xR,max

aR
(42)

√
2xR,max

aR
(46)

x̄∞ xR,max
a+
d

aR

(
1− a+

d

a−
d

)
(41) xR,max

a+
d (a−

d −2aR)
(a−

d −a
+
d )aR

(58)

T · p0.99
(

1− a+
d

a−
d

)√
2xR,max

aR
(44) no closed solution (see 4.5.3)

v̄∞ a+d

√
xR,max

2aR
(43)

a+
d (a−

d −2aR)
a−
d −a

+
d

√
xR,max

2aR
(57)

ς∞
1
2 (45) 1

2 −
aR

a−
d

(59)

Table 2: Formulas for di�erent performance indicators in the four ideal modes of operation

4.6. Performance comparison

For a direct comparison of the di�erent modes of operation described in this
chapter, table 2 summarizes the formulas for period T , steady state step size x̄∞,
start-up time T · p0.99, steady state velocity v̄∞, and steady state smoothness
ς∞. As they are derived assuming an ideal actuator with unlimited velocity and
acceleration, they de�ne upper boundaries for the performance of real motors.

The table shows the same in�uence of the actuator stroke on the step size
and the steady state velocity for all investigated modes of operation:

x̄∞ ∝xR,max (61)

v̄∞ ∝xR,max (62)

To achieve high velocities it would therefore be advisable to use ideal actuators
with large stroke. In real applications, the actuator bandwidth is a second
decisive factor and high bandwidth usually con�icts with high stroke. This
topic will be discussed in a future publication.

Figures 10 to 12 show the in�uence of the rod acceleration factor κ on the
three motional performance indicators. For κ ≤ 1 the motor works in stick-slip
mode, for κ > 1 it works in slip-slip mode.

Figure 10 shows that v̄∞ rises with aR for modes with continuous slider
movement and for discrete stick-slip operation, while it falls with rising aR in
discrete slip-slip operation. The jump in the curve at κ = 1 results from the
sudden change of the slider acceleration at this point if µ0 6= µd. The �gure
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also shows that the maximum velocity reachable in stick-slip operation and/or
with discrete steps is limited principally, while continuous slip-slip operation
principally allows very high velocities with high κ.

In discrete mode, v̄∞ is always reached in the �rst period (p0.99 = 1), so
that the start-up time T · p0.99 falls continuously as T falls with rising κ. In
continuous stick-slip mode, p0.99 = 2, so that T · p0.99 also falls continuously
as T falls with rising κ. In continuous slip-slip mode, p0.99 increases with κ,
while T decrease with κ. This results in the stair-like line observed in �gure 11.
Discrete operation generally reaches shorter start-up times.

The smoothness of the slider motion is always 1/2 in discrete mode. In
continuous mode, it is always higher than this and rises linearly with increasing
κ, as shown in �gure 12.
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Figure 10: Change of steady state velocity v̄∞ with changing rod acceleration factor κ =
aR/a

+
0 for discrete and continuous operation.
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Figure 11: Change of start-up time T ·p0.99 with changing rod acceleration factor κ = aR/a
+
0

for discrete and continuous operation.

4.7. Limitations

The results described in the previous sections have been obtained using some
idealisations and assumptions, as described in section 2.2. Their consequences
shall be discussed in the following.

The friction contact is modelled using a Coulomb friction model with con-
stant coe�cients of static and dynamic friction. Such models are also used by
most other authors modelling inertia motors. All works known to the authors
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that have so far investigated the friction contact in inertia motors in more de-
tail and see the neccessity for more sophisticated friction models concentrate
on motors with a step size in the nanometer range [22, 23, 24, 25]. Altpeter
[24] has stated that if the actuator stroke is signi�cantly larger then the ra-
tio of the break-away force and the tangential sti�ness of the friction contact,
kinetic friction models such as the one used in this contribution are accurate
enough to model an inertia motor. It is therefore reasonable to assume that for
actuator strokes of 25 µm as used in this contribution, the applied friction mo-
del is su�cient. With signi�cantly smaller actuator strokes, more sophisticated
friction models like the LuGre-model [26] or the elastoplastic friction model [27]
can improve the modelling accuracy. But a straightforward derivation of ideal
excitation signals as presented in section 4 is not possible with these more com-
plex models. And it is unclear whether these models would lead to signi�cantly
di�erent ideal excitation signals.

The investigated motor is driven by an ideal actuator with unlimited band-
width and acceleration. A real actuator is limited both in bandwidth and in
acceleration. For an actuator with limited acceleration but unlimited band-
width, the excitation signals for maximum velocity are similar to the ones pre-
sented in this article, but smoothened around the steep �anks. Such signals
are presented and analysed in [20] and [21]. A promising way to obtain drive
signals for actuators with limited bandwidth � and consequently also limited
acceleration � is to derive them from signals for ideal actuators for example by
approximating them using Fourier series. This approach has been successfully
investigated by the authors, the results will be presented in the second part of
this contribution.

The driving rod is assumed to be a rigid body. As written in section 2.2,
this assumption is valid as long as the highest excitation frequency is much
smaller than the �rst eigenfrequency of the rod. This is never the case with
the ideal excitation signals, as they contain in�nitely high frequencies. Thus
the eigenfrequencies of the setup can be regarded as an additional constraint
limiting the allowed frequency range when obtaining excitation signals suitable
for real motors. If it is not avoided by an appropriate exciation signal, the elastic
vibration of the rod can be both longitudinal (x-direction) and perpendicular.
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In both cases, these vibrations will lead to a dependence of the slider velocity
on its position along the rod. Whether this position dependence is acceptable
depends on the application. Another option is to deliberately use resonance
e�ects to obtain large rod displacements at high frequencies [9, 10, 11, 12] or
speci�c vibration modes [13]. In this case, the slider can only move properly on
a certain portion of the stator rod depending on the vibration mode. As more
than one eigenfrequency has to be excited to obtain the asymmetrical vibration
required for inertia motors, the geometry of such a system has to be carefully
designed and a proper driving signal has to be used. Such signals will also be
discussed in the second part of this contribution.

5. Conclusions

Using the example of a translational inertia motor excited by an ideal dis-
placement signal, it was found that there are four di�erent modes of operation
of inertia motors which are di�erentiated by two criteria:

• Does the slider move in discrete steps or continuously? (discrete or conti-
nuous mode of operation)

• Is the propulsion of the slider achieved using stiction or by sliding friction
only? (stick-slip or slip-slip operation)

The maximum motor performance achievable in these modes was investigated.
One major result is that the maximum velocity reachable in stick-slip operation
and/or with discrete steps is limited principally, while continuous slip-slip ope-
ration allows very high velocities. It was also found that, for the investigated
driving signals whose frequency is proportional to the inverse of the square root
of the actuator stroke, the motor velocity is proportional to the square root of
the actuator stroke.

The presented results show a clear advantage of slip-slip operation for the
design of high velocity inertia motors. This theoretical result is supported by
the fact that almost all such motors, reaching high velocities up to 300 mm s−1

and published mainly in the last few years [16, 6, 10, 13, 11, 12, 28], are not
using stiction but sliding friction for propulsion, even if not explicitly stated
in the publications. In the second part of this contribution, the performance
of inertia motors driven with frequency-limited signals derived from the ideal
signals will be investigated.
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